INTEGRATION OF TWISTED POISSON STRUCTURES 



ALBERTO S. CATTANEO AND PING XU 

Abstract. Poisson manifolds may be regarded as the infinitesi- 
mal form of symplectic groupoids. Twisted Poisson manifolds con- 
sidered by Severa and Weinstein jl4j are a natural generalization 
of the former which also arises in string theory. In this note it 
is proved that twisted Poisson manifolds are in bijection with a 
(possibly singular) twisted version of symplectic groupoids. 



1. Introduction 

Poisson manifolds may be regarded as the infinitesimal form of sym- 
plectic groupoids jHj, i.e., Lie groupoids endowed with a multiplicative 
symplectic form. Up to singularities, Poisson manifolds may be inte- 
grated to symplectic groupoids as described in \^ (conditions under 
which integration with no singularities is possible are given in Q). In 
this paper we generalize this result to the case when the two struc- 
tures (of symplectic groupoid and of Poisson manifold) are twisted by 
a closed 3-form. 

Let M be a smooth manifold. A pair (tt,*/)), where tt is a bivector 
field and is a closed 3-form, is called a twisted Poisson structure if it 
satisfies the equation 

(1.1) [n,n] = ^A'7r*<j), 

where [ , ] denotes the Schouten-Nijenhuis bracket and tt* is the vec- 
tor bundle homomorphism T*M TM induced by tt (viz., 7r*(x)((j) : = 
7r(x)(cr, •), with x G M, a G T*M). According to [H], one also 
says that tt is a 0-Poisson tensor. In the case = one recovers the 
usual notions of Poisson tensor and Poisson manifold. Twisted Poisson 
structures have been extensively studied in the physics literature, e.g.. 

As explained in a twisted Poisson structure induces a Lie al- 
gebroid structure on T*M with anchor map tt* and Lie bracket of 
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sections cr and r defined by 

(1.2) [cr, :=L^#^r-L^#^a-d7r(cr,T) + 0(7r*a,7r*T, •). 
In particular, V/, G C°°{M) we have: 

(1.3) [d/,d(7]=d{/,<7} + </'(X;,X„.) 

and 

(1.4) [Xf, X,] = + n*{<P{Xf, X„ .)), 

with {f,g} = 7r(d/,dfi^) and Xf = TT*df. 

We will denote this Lie algebroid by T*M(7r,</,). Sections of its exterior 
algebra are ordinary differential forms. One may define a derivation 
6 deforming the de Rham differential by 0; viz., we define a graded 
derivation 6: n*{M) n*+\M) by setting 5/ = d/ if / G C°°(M) 
and 

Sa = da - L^#„(j), 
if cr e n^{M). It turns out that 

S[(r, t] = [Sa, r] + [a, 5t], Va,T e n\M), 

and that 6'^ = [(p , •] (where we have extended the Lie bracket to the 
whole of Q*{M) as a biderivation). So (T*M(^^0),5) constitutes an 
example of a quasi Lie bialgebroid J2IIHI5 a generalization of Drinfeld's 
quasi Lie bialgebras [3 [TU] . 

If T*M(jr ,^) may be integrated to a Lie groupoid (G ^ M,a,P) 
(i.e., if it exists a Lie groupoid G whose Lie algebroid is T*M(^ 0)), the 
differential 6 induces extra structure on G. Namely, denoting by a and 
P the source and target maps of G, then G may be endowed with a 
non-degenerate, multiplicative 2-form u that satisfies 

duj = a*(f) - (3*(t). 

In other words, {uJ^cj)) is a 3-cocycle for the double complex VL*{G^*^), 
where G^^^ = M, G^^^ = G and elements of G^''^ are A;-tuples of elements 
of G that may be multiplied (in the given order). One differential is 
de Rham and the other is the groupoid-complex differential. Observe 
that in the true Poisson case (i.e., (j) = 0), u is closed, so G is an 
ordinary symplectic groupoid. In the general case, G is called a non- 
degenerate twisted symplectic groupoid, and the non-degenerate 2-form 
uj is said to be relatively 0-closed. The main theorem of the paper 
(conjectured in P^) is 

Theorem. There is a bijection between integrable twisted Poisson struc- 
tures and source- simply connected non- degenerate twisted symplectic 
groupoids. 
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Here "integrable twisted Poisson structure" means that the associ- 
ated Lie algebroid is integrable. 

In Sect. El we give an introduction to non-degenerate twisted sym- 
plectic groupoids and prove that they induce twisted Poisson structures 
on the base manifolds f Theorem 12.61 on pagelH)). 

In Sect. El we prove the Theorem, though in a more general setting. 
In fact, as shown in the generaliztion |^ (see also ^H]) of the construc- 
tion given in 0), to any Lie algebroid A one can associate a topological 
source-simply-connected groupoid G{A), which is the Lie groupoid in- 
tegrating A whenever A is integrable. The topological groupoid G{A) 
is defined as the leaf space of a smooth foliation, as we recall in Sect. 121 
so it makes sense to define on it a notion of smooth functions and 
forms. In the case when A is T*M(7r,(/,), we prove that G{A) may always 
be endowed with a non-degenerate, multiplicative, relatively 0-closed 
2-form uj. The construction is a modification, described in Sect. 01 of 
the method developed in [2], where the true Poisson case (i.e., = 0) 
was dealt with. 

As a final remark, we mention that general multiplicative 2-forms, 
their infinitesimal counterparts and their integrations are being treated 
in p. 

Acknowledgment. We thank Jim Stasheff and Alan Weinstein for useful 
discussions and comments. We acknowledge Zurich University (P. X.) 
and Penn State University (A. S. C.) for their kind hospitality during 
the preparation of the work. 

2. NON-DEGENERATE TWISTED SYMPLECTIC GROUPOIDS 

Definition 2.1. A non-degenerate twisted symplectic groupoid is a 
Lie groupoid (G =^ M,a,P) equipped with a non-degenerate 2-form 
UJ e Q'^{G) and a 3-form (/) G Q^{M) such that 

(1) d(f) = 0; 

(2) duj = a*(p - 

(3) u is multiplicative, i.e., the 2-form (a;,u;,— cu) vanishes when 
being restricted to the graph of the groupoid multiplication A C 
GxGxG. 

Let ttg denote the bivector field on G corresponding to u. Then 
(ttg, Q), where fl = a*(j) — defines a twisted Poisson structure on 
G in the sense of |14j . 

For any ^ G T{A), by ^ and ^ we denote its corresponding right 
and left invariant vector fields on the groupoid G, respectively. The 
following properties can be easily verified. 
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Proposition 2.2. 

(1) e*uj = 0, where e: M ^ G is the natural embedding; 

(2) i*u; — —uj, where i: G ^ G is the groupoid inversion; 

(3) for any ^,1] G T(A), uj{ $, ,'rf) is a right invariant function on 
G, and uj{ ^ , *r[) is a left invariant function on G; 

(4) cu(|,V) = 0; ^ 

(5) uj{ ^ , l}){x) = -a;( ^ , ^){x-^). 

Proof. The proof is standard, and essentially follows from the multi- 
plicativity of u). 

(1) For any 6'„,, 6^ G T^M, since {5'^. 5'^, 5'J , e TA, 
it follows that 5^) = 0. 

(2) Vx e GandV^;, 5^' e T.G, it is clear that (^;, (5^', q,^^;') G 
TA. Thus, by (1), we have 

and (2) follows. 

(3) For any ^,r] e V{A), (T(x), Oj,, T W), {li{x),%,lf{xy)) G 
TA. Thus 

Hence uj{ ^ , ~rf) is a right invariant function on G. Similarly, 
uj{ ^ , V) is a left invariant function on G. 

(4) By considering the vectors {^{x), 0^(j;), ^ (x)) and (0^, ^{^{x)), *r[{x)) G 
TA, we obtain uj{ ^ (x), V(^)) — 0- 

(5) follows from (2) and the fact that z* ^ — — ^ . 

□ 

Define a section 7 G r{A^A*) and a bundle map: \: A ^ T*M by 

(2.1) a;(T,V) = «*7(e,^), Ve,77er(A), 
and 

(2.2) (A(0,^;)=a;(T(m),^;), VeGAU,^;G^^M 
Lemma 2.3. 

(1) a^(T, V) = -/5*7(^,r;), Ve, G r(A); 

(2) for alU,r7er(A), 

(2.3) 7(e,r/) = (p(0,A(77)); 

(3) A: — > r*M is a vector bundle isomorphism. 
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Proof. 

(1) follows from Proposition 12.21 (5). 

(2) We have 

a;(T, If) = uit - T, t) = ^(V, Pm = iPiO.Kv)) 

(3) Assume that A(0 = 0. That is, uCi{m),v) = 0, \/v e T^M, 
which implies that ^ {m)_luj = by Proposition 12.21 (4). Hence 
^ = since u is non-degenerate. This means that A is injec- 
tive. On the other hand, assume that v G {X{A\m))^- Then 
u!{^ {m),v) = 0, G A\m- Thus v _luj = using Proposi- 
tion l2.2l (l). which implies that v = 0. Therefore A is surjective. 

□ 

Lemma 2.4. For any / G C°°(M), 

(2.4) X-\df)=X^.f, X-\df)=Xf,,f. 

Proof. First, one shows that X^*/ is a right invariant vector field on G 
and Xi3* J is a left invariant vector field. This can be shown using the 
same argument as in the case of symplectic groupoids [Oj. Namely the 
multiplicativity of u together with dimension counting implies that 
the graph A is coisotropic with respect to (vtg, ttc, — ttc). The later 
implies that X^* / is a right invariant vector field on G and X^* / is a 
left invariant vector field. 

Second, for any v G TmM, we have 

u{Xa*f{m),v) = {a*df{m),v) = {df{m),a^v) = {df{m),v) 

y 

It thus follows that X{Xa*f) = df, or A^^(d/) = Xa*f. The other 
equation can be proved similarly. □ 

By pulling back the 2-form 7 G r{A'^A*) via A"^, one obtains a 
bivector field vr G r(A^rM). We introduce a bracket and Hamiltonian 
vector fields by the usual definitions; i.e., {f,g} = 7r(d/, df?) and Xf = 
7r#(d/). 

Corollary 2.5. 

(2.5) a^nc = vr; P^ttg = -tt; 
or equivalently 



(2.6) a,X^,f = Xf- (3,Xp*f = -Xf, V/ G C°°(M). 
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Proof. For any f,ge C°°{M), 

{a*f, a*g} = u{X^,f, X,.,) = u;(X\df), \-\dg)) = 

= a*{7r{df,dg))=a*{f,g}. 
Similarly, we have {(3*f, f3*g} = -f3*{f, g}. □ 

We are now ready to prove the main result of the section. 
Theorem 2.6. 

(1) TT is a ip-Poisson tensor in the sense of ^3] — i.e., it satisfies 

(EH. 

(2) The bundle map X: A ^ T*M establishes a Lie algebroid iso- 
morphism, where the Lie algebroid on T*M is induced by the 
twisted Poisson tensor tt as given by Eq. / li.jj)) . 

Proof. Let = a*0 - (3*(j). Thus V/, g G C^iM) 

= a*[Xf ^Xg_\4>]. 

Thus by Eq. dUI) 

[Xa*f, Xa*g] — Xi^a*f,a*g} = T^ci^i-^a*!^ ^a*g, •) 

= n*{a*<P{Xj,Xg,.)) 

Thus it follows that 

X[X^*f, X^,g] = d{f, g} + (PiXj, Xg, .). 

Note that A intertwines the anchors: 7r*oA = p, according to Eq. (|2.3p . 
Therefore, using Lie algebroid properties, one shows that the push 
forward Lie algebroid on T*M via A is given by Eq. ()1.2|) . This forces, 
by the Jacobi identity, tt to be 0-Poisson, and A is a Lie algebroid 
isomorphism between A and (T*M)^_(^. □ 

3. Integration of T*M^^^^) 

We briefly describe the integration procedure for Lie algebroids of 
OUni, adapted to the case of r*M(^ 0). First one defines the manifold 
P(r*M(7r ,^)) of C^-Lie algebroid morphisms TL — > T*M(^ (^), where / is 
the interval [0, 1] and TI is given its canonical Lie algebroid structure. 
An element of PT*M(^t^^^) consists of a C^-path X: / — »• M together 
with a section rj of T*I ® X*T*M satisfying 

dX = 7T*{X)r]. 
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On this manifold one may consider as equivalent two elements which 
are related by a Lie algebroid morphism T{I x /) — > T*M(^j^^^) that 
fixes the cndpoints. The quotient space G'(T*M(7r,^)) may be given 
a groupoid structure. For our purposes it is however better to use a 
difi^erent description of G'(T*M(7r,<^)), i.e., as the leaf space of a foliation. 
Namely, let Por(T*M(^^^^)) be the space of C^-paths in the Lie algebra 
of sections of r*M(,r,(/)) with endpoints at zero. We give this space 
the structure of a Lie algebra by the pointwise Lie bracket. One may 
then define an infinitesimal action of this Lie algebra on P(T*M(^ <^)). 
To describe it, we prefer to introduce local coordinates {x*} on M 
(alternatively, one may use a torsion-free connection). Since {dx^} is a 
local basis of sections of T*M(^^ we may define structure functions / 

by 

[dx\ dx^] = fl^dx\ 

where a sum over repeated indices is understood. If we write locally 
TT = Ti^-'didj and = (pijkdx'^dx^dx^ , we may compute: 

The action is then as follows. To B E P()V{T* M(^t^^^)) we associate a 
vector field on P{T* M^^^^-^). We can always write = Cs + Cs with 
^^iX.-q) e V{I,X*TM) and e V{I ,T*I ® X*T*M). We set 

then 

(3.1a) {eB{X.r^)r^-^'KX){Bx)i, 

(3.1b) {Cb{X, r,)), = -d{Bx)i - fnX) Vr {Bx)s, 

where Bx is the section of X*T*M defined by Bxit) = B{t){X{t)). 

Thus, the infinitesimal action of Por{T*M(^T^^fp^) defines a foliation on 
P(T*M(7r,^)) and G{T* A{(^t^^^)) is its quotient space. Let us briefiy recall 
its groupoid structure. The target map a associates to a class of mor- 
phisms {X, 7]) the value of X at 0, while the source map (3 associates to 
it the value of X at 1 (observe that the infinitesimal action preserves 
the endpoints of X). The identity section associates to a point m in 
M the class e(m) of the constant path at m with = 0. The product 
is obtained by joining the base paths and restricting the fiber maps 
consequently (the product is more precisely defined on smooth repre- 
sentatives such that T] vanishes with its derivatives at the endpoints). 

4. QUASI-SYMPLECTIC REDUCTION 

In this section we describe how to obtain G{T* M^t^^^-)) by some sort 
of symplectic reduction, though our replacement for a symplectic form 
will be a non-degenerate but not necessarily closed 2-form. 
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Let T*PM denote the manifold of C^-bundle maps TI ^ T*M (over 
C^-maps). This space is morally a cotangent bundle and as such it has 
a canonical symplectic structure Qq. Explicitly, a point in T*PM is 
a pair (X, 77) where X is a C^-path I ^ M and 77 is a C^-section 
of T*I ® X*T*M. The tangent space at (X, 77) is the direct sum of 
T(x.r,)T*PM = r{I,X*TM) and T^^^^^T*PM = r{I,T*I ® X*T*M). 
Using this splitting, we write 

(4.1) no{X, r/)(ei © ei, 6 © 62) = ( ei , 6 ) - ( 62 , 6 ) , 

where ( , ) denotes the canonical pairing between tangent and cotan- 
gent fibers of M. 

Using the 3-form on M we may also define a second 2-form on 
T*PM: 

(4.2) (X, ?7) (ei © ei , 6 © 62) = ^ 0(^) (71* (X)7;, a , 6) . 

The 2-form = i^o + ^1 is still non-degenerate but no longer closed. 

The manifold P(T*M(7r,<^)) introduced in the previous Section may 
be regarded as a submanifold of T*PM. If we introduce "momentum 
maps" H: T*PM ^ Por(r*M(^,^))* by 

Hb{X, rj) = j^{Bx,dX- 7r*{X)rj ) , 

then P(T*M(^ <^)) is H^^{0). One may check that di/^ lies in the image 
of Q for any B G PoT(T*M(^^^^)); so, since Q is non-degenerate, one may 
define a map B S,b that associates a vector field on T*PM to B 
by 

(4.3) i^n = dHB. 

One may easily check that the restriction of to P{T*M(^t^^^-j) is tan- 
gent to it. More to the point, one may check that the vector field on 
P(T*M(t,^^)) so obtained is precisely the ^b of ()3.1|) which defines the 
infinitesimal action of PqT{T* M(^^^^)) on P{T*M(^^^^)). 

5. Proof of the Theorem 

In the setting of the previous Section, we want to prove that the 
restriction f2 of i7 to F(T*M(^,^)) is basic w.r.t. to the projection 
p. p(2"*M(,r,0)) G'(r*M(7r,<^)), viz., Q = p*u>; moreover, we want 
to prove that u satisfies all the required conditions. 

Observe that Q is automatically horizontal by ()4.3|) . On the other 
hand, unlike the usual symplectic case, it is not clear that Q is also 
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invariant; in fact, at first, we may only see that L^^fi = i^^dfi = 
L^gdfli, wfiere denotes the restriction of Qi to P(T*M(^_0)). To 
proceed, we must understand better. 

Let PM be the manifold of C^-paths in M. Let ev : / x PM ^ M be 
the evaluation map and pr : IxPM — > PM the projection to the second 
factor. Define $ = pr^ev*(/) G f2^(PM), where pr^ denotes integration 
along the fiber. If we finally denote by q: P{T*M(t,^^)) PM the 
map that retains only the base map of the Lie algebroid morphism, we 
realize immediately that 

VL^ = q*<i>. 

By the generalized Stokes' Theorem and the fact that </> is closed, we 
obtain d$ = o*4> — 4>i where a and P are the maps PM — > M that 
assign to a path its values at and at 1, respectively. Thus, 

dfi = 

Since the vector field does not move the endpoints, we conclude that 
'-Cfldfi = 0, viz., that f2 is invariant as well. We write then Vl = p*uj 
as at the beginning of the Section. The 2-form u on G{T* Mi^t,^^)) is 
clearly multiplicative since the product is defined by joining the paths 
and Vt is defined as an integral. Moreover, recalling the definition of 
the source and target map (3 and a, we observe that aoq = aop and 
(3 o q = p o p. So we may write the equation above as 

dn = p*{a*(l)- 

Since dQ = p*du! and p is a surjection, this shows that u is relatively 
0-closed. 

Finally, we need to prove that the 2-form u is non-degenerate. It is 
clear from the construction that u is non-degenerate along the identity 
M. The claim thus follows from the following: 

Lemma 5.1. A multiplicative 2-form uj G ^[G) on a Lie groupoid 
G ^ M is non- degenerate if and only if it is non- degenerate along the 
identity M. 

Proof. First of all, note that for any 6^ G T^G, and ^ G ^{A), we have 

(5.1) u;U(x),5..)=^UM,/3A) 

(5.2) uj{^ {x),6^) = uj{C {u),aJx), 

where u = a(x) and v = l3{x). Eq. (jOJ, for instance, follows from 

the fact that both {6^, ^x, f^*Sx), and (0, ^ (x), ^ {v)) are tangent to the 
graph of the groupoid multiplication A C G x G x G. Eq. ()5.2p can 
be proved similarly. Now assume that 6x G kercOx- If follows from 
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Eq. (j^.lj) that /3^Sx € keiu^ since M is isotropic with respect to u. 
Therefore P^S^ = by assumption. Hence 6^ = if^x). On the other 
hand, according to Eq. ()5.2p . one has u>{lf{u),TuM) = since a is a 
submersion. This imphes that 'rfiu) G kerwu. Therefore 'rfiu) = 
by assumption. This imphes that 5^ = ~rf{x) = 0. This concludes the 
proof. □ 

We need now to prove that the correspondence between (^-twisted 
Poisson structures and twisted symplectic groupoids is a bijection. The 
proof is divided into two steps. 

Step 1. By construction (see [21 El) the Lie algebroid of G(T*M(^t^^^)) 
is T*M(^^(^). As discussed in Sect.|21 the relatively 0-closed, multiplica- 
tive, non-degenerate 2-form u determines an automorphism A of T*M 
and a bivector field 7 on M as in Eqs. ()2.1|) and ()2.2|) . We have to 
show that A is the identity and that 7 = 7?. First of all we observe that 
it is enough to consider ()2.1|) at the unit element e(m) G G(r*M(^ 0)) 
corresponding to m G M: 



c.(e(m))(6(e(m)),6(e(m)))=7(m)(6,6), V6,6e ^U. 
By construction e(m) is the equivalence class of the path X{t) = m, 
ri{t) = 0, e I = [0,1]. The vector field Ti, i = 1,2, evalu- 
ated at e(m) is the projection to T^(^m)G(T*M(^T,^^)) of the vector G 

r(„,o)^(T*M(,,^)) defined by Zit) = (7r#(m)6 6dt). Observing then 
that for r] = the 2-form Qi of Eq. ()4.2|) vanishes, we get, also using 

dUD, 

u;(e(m))(eI(e(m)),S(e(m))) = r]oKO)(6,6) = 



^0 

which shows 7 = vr. As for ()2.2j) . observe that uj{e{'m)){C,i{e{m)),v) is 
just Qo{m,0){^i,v) with v(t) = (f,0). As a consequence. 



which shows that A is the identity. 

Step 2. Assume that (G =^ M,uj + 0) is an a-simply connected non- 
degenerate twisted symplectic groupoid. Let tt be its induced (^-twisted 
Poisson structure on M. Then the above integration process integrates 
the Lie algebroid T*M(7r,0) into a Lie groupoid, which is known to be 
isomorphic to G =^ M, and a multiplicative 2-form u' on that groupoid. 
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By identifying this groupoid with G =^ M, therefore one may think uj' 
as a muhiphcative 2-form on G. One needs to show that u' = uj. By 
Step 1, we conclude that u' and u must coincide along the identity space 
M. Let u = u — u'. Then a) is a multiplicative closed 2-form on G and 
^\m = 0. Given any ^ e r(yl), it is easy to see that ( ^ (a(x)), 0, ^ (x)) 
is tangent to the graph A of groupoid multiplication. On the other 
hand, for any 6x G T^G, it is also clear that {a^:6x, 6x, Sx) G TA. It thus 
follows that 

uj{ ^ aJx) -Lj{^ (x), 6x) = 0. 

Therefore we have ^ = 0. Thus 

L^oj = {di-^ + i^d)uj = 0, 

which implies that a) = since any point in G can be reached by 
a product of (local) bisections generated by ^ . This concludes the 
proof. 
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